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Synopsis 


The effect of pairing correlations (or superfluidity) on the properties of strongly 
deformed nuclei is considered. It is taken into account that the pairing correlations 
depend on the nuclear state of excitation, and it is found that this ""blocking effect” 
may essentially reduce the superfluidity in low lying states with quasi-particles 
present as compared with the ground state of even-even nuclei. In particular, the 
influence of pairing correlations on Ø-decay probabilities is computed and a com- 
parison is made with available experimental data for odd-A nuclei. 
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1. Introduction 


he mathematical methods! developed in constructing the theory of supercon- 

ductivity are very general. They permit one to take into account the residual 
fermion interactions leading to pairing correlations in a rather general form. Noting 
the similarity between the nuclear matter properties and the electronic structure of 
metals, N. N. BoGoLuBov [2] pointed out that nuclear matter can be superfluid. A. BOHR, 
B. MOTTELSON, and D. Pines 81 noticed that the nuclear excitation spectra and the 
spectra of superconducting states of metals are alike. They considered it reasonable 
to apply the methods employed in the theory of superconductivity to study the proper- 
ties of finite nuclei. 

The interactions between nucleons in a nucleus may be roughly separated into 
long range and short range parts. The long range part is responsible for the creation 
of the average nuclear field according to which the models of independent particles 
are constructed. The short range part leads mainly to the formation of the nucleon 
pairing correlations. In conjunction with the shell- and unified model the consideration 
of short range interactions between nucleons allows one to make progress in under- 
standing the nuclear properties. 

It is well known that the residual interactions between nucleons of a super- 
conducting type cannot be included in the self-consistent potential. 

This has been demonstrated in! where the self-consistent field is singled out 
in an explicit form. Note, that no modifications of the potential well can lead to the 
appearance of the effects which are responsible for the short range pairing interac- 
tions. 

The investigations of the nucleon pairing correlations(5—91 provide an explana- 
tion of a number of nuclear properties which could not be accounted for in the frame- 
work of the model of independent particles. These investigations have shown that 
the residual short range forces between nucleons are attractive, and the ground state 
of any nucleus is the superfluid state in which pairing correlations are present. This 
state is energetically more favourable than that with successively filled levels of the 
average field in the model of independent particles. Ås is suggested in !101, the ground 


state of a light nucleus is the state with quadrupole nucleon correlations. 
Le 
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The superfluid properties of the ground- and excited nuclear states strongly affect 
a number of nuclear processes. These properties should be taken into account both 
in investigating the nuclear structure and in studying nuclear reactions. 

This paper deals with the effect of pairing correlations on the properties of 
strongly deformed nuclei. We employ the method 1 by which the superfluid proper- 
ties are calculated separately for each nuclear level. In section 2, the general equa- 
tions of the model are given. In section 3, the calculations of the single-particle levels 
of odd—-A nuclei are discussed, constants of the pairing interaction G are given, and 
basic assumptions for making detailed calculations are formulated. In section 4, the 
superfluid properties of a system containing only an even number of particles are 
investigated. In section 5, the superfluid corrections to the probabilities of beta transi- 
tions are calculated and are compared with the experimental data. In section 6, final 
conclusions are drawn regarding the comparison between the experimental data and 
the calculations made on the basis of the superfluid model of the nuclei. 


2. Formulation of the Model 


Using the average field of the independent-particle model, the superfluid nuclear 
model takes into account the short range part of nucleon-nucleon interactions in a 
nucleus leading to the pairing correlations under the following assumptions: 

1. The residual interactions both between neutrons and between protons are 
described by the Hamiltonian of the form 


H= SX HE4(€) 4) atgagg GS at, af. ar.ar,…. (1) 
Lo ERE 


2. The main equations of the probiem can be found with the aid of the variational 
principle proposed by BoGoLugov!2J, provided that the systems of equations char- 
acteristic of the superfluid properties of these states are obtained both for the ground- 
and excited nuclear states. The influence of the state of excitation on the pairing 
correlations is referred to as the blocking effect. 

3. The mathematical method of solving the problem leads to the conservation 
of the number of particles, on the average, 


n FEE eo Q) 


However, the calculations are made for quite definite nuclei. 

The most important differences of the basic assumptions of the present model 
from those of the original method of investigating the pairing correlations [517] are 

a) the difference between the superfluid nuclear properties in the ground- and 
excited states is taken into account, 

b) the number of particles is conserved on the average for each nuclear state. 
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The blocking effect is most essential in the region of strongly deformed nuclei. 

We first consider the equations for the characteristics of the superfluid state, as 
well as the wave functions and the energies of the ground- and excited states of the 
even and odd systems [5], [13], 

Let us perform a canonical transformation 


dg = Ude der o VE (3) 


with UZ+Vå = 1, and then find the mean value of the operator of the energy H by the 
state W defined as &;,V =0: 


H=23 4 E9(C)-A)Vi-GD' UrVU4-- Ve GIVE: GI 
ag (ag c 


s 


Since the term GS vi makes a contribution to the self-consistent field, we carry 
E 
out the renormalization 
G 
BU)=E(U)-3Vé (4) 
and get 


H=2SHE(O-A)VE-GS UrV-Ur- Ve. (5) 
5 STE 


Let us determine Uæ Ve from the condition that H should be a minimum. Ås 
a result, we have 


RTE Se ET (57) 
7 
We introduce a correlation function?) 
and determine 
2] BE) | SB BO en 


(0) - VER KOLAY 


The wave function, the equations for determining C and 4, and the energy of 
the ground state of the even system åre obtained as follows: 


P=II(U,+Vrat at) Pr, (7) 
(3) ER 1 
== SI Fr ng æg (8) 
CSR Me HF) SAV 

He EN] (9) 


EET ul 
BE DEA | 
£ The correlation function, here denoted by C, is in the literature often denoted by Å (see, e. g., [6—9]). 
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É EG) Cc? 
væ 1 = Å (10) 
g ZEO) Tree G 


where"; 20 == 0". 
The wave functions, the energy, and the basic equations for the two-quasi- 
particle excited states of the even system are found to be 


SØGE DEERE GEDE VE BI Gr hf + f» (11) 


F1, f2 


KEDE ERE Ea VET LN DEVED) ag, 2) KESNE LE) 


ED Re re | 
HEDE eE Ce) 

FIDE GV Eee e. 

BEAT 


NE OA 


ED ENEE FOER): | 
BD VOC TS KE (DSE 


The ground state of the system consisting of the odd number of particles is the state 
with one quasi-particle on the K-level which is the last filled single-particle level of 
the average field at G = 0. As excited states of the odd system, consider both the single- 
quasi-particle and three-quasi-particle states. For the single-quasi-particle ground- and 
excited states we get the wave function 


(14) 


BUD Da CAD VA S JP, (15) 
the energy 
2 
DERE ID SEERE ES | (16) 
and the basic equations 
2 7 1 
. i 17) 
É mm VO HEO-ADF $ 
in EEN [RE ERE ae) SPEER (18) 


VD EET] 


The wave function, the energy, and the basic equations of the three-quasi-particle 
excited states of the odd system are found to be 


(ff, fs) = 7.0.0, 4,0, TI (U; (fræmer IDE VE (ff) ar, af.) io (19) 


1, J2,J3 


UY 


provided 
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EL) E(F)TE() TEE) ES IV, (fr far f) + 


(20) 
vr, (fo fa» f) + V, (fr. fe, f2PP] Fe Re REE HEE RE 


CF f1, 2, fFs 


DSE i areeree oe Boel SÆR, ET) 


TV sf HE O-10r fa fS 


æder (rer BOE 23) ii 
EEN SEAT SS] 


In order to determine the main superfluid characteristics of the above-mentioned 
states, i.e. the correlation functions C and the chemical potentials 4, it is necessary, 
as in (13, 15], to solve the corresponding systems of equations by means of an electronic 
computer. To investigate the general properties of the superfluid states of nuclei, we 
take as levels of the average field the energy levels of Nilsson's scheme [14], 


(22) 


3. Pairing Energies and Single-Particle Levels of the Odd-A Nuclei 


The single-particle level spectra of the majority of the odd, and a number of 
even-even, strongly-deformed nuclei as well as the superfluid corrections to - and 
y-transitions, both in the rare-earth and transuranic regions, have been calculated 
according to the superfluid model of the nuclei in (11, 13, 15], Slightly corrected Nilsson 
schemes [16], close to that presented in/%, have been used as single-particle levels of 
the average field, with the exception of the 11/2 —/[505] neutron state, which was 
lowered by approximately 0.3 h 6, (fi 6, = 41 A1/3 MeV). 

As regards the influence of the superfluidity on the behaviour of the single- 
particle levels of the odd-Å nucleus, it was shown that 


1) The superfluidity does not alter, as a rule, the spin of the ground state pre- 
sented by Nilsson's scheme. 

2) The excitation energy of the system decreases rather quickly with G and the 
compression of the single-particle levels does not occur uniformly. 

3) Hole and particle excited states behave differently with increasing G. How- 
ever, the sequence of hole (particle) levels with respect to each other remains un- 
changed. 


The energy difference between the excited f and the ground fø state of the system 
with an odd number of particles is written as 


HE Eee RL (fo)? | 


G 9 9 1 (3) 
GE EVE GODE DEDE (hf) ): | 
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One can easily see that, if C(f) = C(f) and 4(f) = 2(fQ), then, neglecting a small 
addition due to the renormalization of the average field, we get 


E (fo) > É (fo) = 84 (Fo) — Er, (fo) - (237) 


This result has been obtained in the original formulation of the pairing correla- 
tions (571, where the superfluid characteristics of the ground- and excited states were 
considered to be identical. In this formulation, however, the average number of par- 
ticles varies by two as one goes from a level with E (s)<<A4 to one with E(s) 774. 

The pairing interaction constants of the neutron G,, and proton G, systems are 
found from the experimental values for the pairing energies by the formula 


PRG CZENEL) EC (ZANDE CEN 2) (24) 
or by the more strict formula 


Py= 5(3 CSE ENESL) FE CAEN SED) SELEN )E5:G CZÆNE: BY: (PLN 
where the corresponding experimental data are available. In a previous analysis, 
the following expectation values of the pairing interaction constants were obtained 
from a comparison of the calculated values of the pairing energies with the experimen- 
tal data: rare-earth region W5l1 G, = 0.024 fi 6, Gz = 0.026 hg, transuranic region [13] 
Gy = 0.020 fi 69, Gz = 0.022 fi&,, the number of the summed levels being 24—28 
Mk RMS ande UT) MELS 

With these parameters, the single-particle levels of many odd nuclei were cal- 
culated in (3, 151 and found to be in better agreement with the experimental data than 
those given in the Nilsson scheme. However, in view of the strong dependence of 
the calculated levels of the odd-AÅ nuclei on the behaviour of the average field levels, 
the main emphasis was placed upon the investigation of the single-particle level den- 
sity. It has been shown in 03. 151 that, both in the rare-earth and in the transuranic 
regions, the density of the low-energy single-particle levels agrees with the experimental 
data and is approximately two times greater than that of Nilsson's scheme, which 
is consistent with the analysis carried out in!”], Note, that the effect of increasing the 
level density is associated with the superfluid properties of the ground- and excited 
states. It cannot be obtained by changing the behaviour of the single-particle levels 
in the independent model. 

Due to the uncertainties in the details of the average field, we shall in the present 
treatment use the experimental data on the levels of odd-A nuclei, together with the 
empirical data on pairing energies, to determine the single-particle level spectrum in 
the average field. With this aim in view, we correct the behaviour of some levels in 
Nilsson's scheme near the K-level and choose the pairing interaction constant G in 
order to obtain the single-particle spectra of odd nuclei and pairing energies, which 
would agree with experimental data. The precise position of levels far from the K- 
state has only little effect on the superfluid properties of the system. Therefore, as 
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long as the behaviour of the levels near the K-state is taken according to the experi- 
mental data, the calculations in which the wave functions are not used do not depend 
on a concrete choice of the potential of the average field. Thus, the calculations of 
the relative magnitudes depend only very weakly on the parameters of the average 
field. The main drawback and limitation on the accuracy of the calculations by the 
suggested scheme is that the change of the average field for neighbouring nuclei is 
not taken into account, since one and the same assembly of the single-particle levels 
has to be used in calculating the superfluid characteristics of a number of nuclei. 
However, in such an approach, there appears a possibility of investigating the change 
of the average field in passing from one nucleus to another, as well as the role of other 
factors which were not taken into account and, above all, the interactions of quasi- 
particles. 

It is to be noted that for the given system of the average field levels and for the 
fixed magnitude of the pairing interaction constants the calculations based on the 
superfluid model are entirely unambiguous. 

Let us investigate the properties of the strongly deformed nuclei in the region 
156<A<188. We divide the nuclei under consideration into two groups: the first 
Sroup 156<A<174 (63< Z<70); 92<N<104), the second group 174<A4<188 
(70<Z<76, 104<N<112). In each group we choose one set of the single-particle 
levels of the average field and one pairing interaction constant both for the neutron 
and proton systems, in order to make the single-particle spectra of odd-A nuclei and 
pairing energies agree with the experimental data. In Table 1 we write down the 
relative configurations of the most important levels for the first and the second groups 
of nuclei. Note that the behaviour of some levels of the first group is different from that 


TABERE 
Single-particle energy levels. 


Neutron system Proton system 

N Assigned Energy (h0) 5 Assigned Energy (Ma) 

É: orbital I I orbital I | I 
VÆRT 3/2— [521] 0 0 GER 5/2+ [413] 0 0 
SES Ba 5/2+ [642] 0.04 0.04 GS 3/2+ [411] 0.04 0.04 
DT] ord a 278 5/2— [523] 0.07 0.07 ONDE 7/2— [523] 0.12 0.12 
Ske REESE es 7/2+ [633] 0.22 0.22 CORE 1/2+ [411] 0.20 0.20 
LOSE SE 1/2— [521] 0.24 0.24 Wi ere 9/2— [514] 0.42 0.30 
LOST SEEK 5/2— [512] 0.29 0.29 TEEN EL 7/2+ [404] 0.31 051 
LOS REESE 7/2— [514] 0.41 0:33 OL ESEKEEE 5/2+ [402] 0.36 0.43 
LK Ur ÆRE NEED 9/2+ [624] 0.48 0.41 VP ER REE 1/2+ [400] 0.52 0.52 
KONES 1/2— [510] 0.48 
ILSE 3/2— [512] 055 


user 7/2— [503] 0.59 
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of the corresponding levels of the second group, which is not unreasonable because 
of different values for the magnitudes of deformation. 

Since the experimental values of the pairing energies change from nucleus to 
nucleus, we make a rather rough averaging. After the corresponding calculations we 
get the following values of the pairing interaction constants: 


The first group  156<A<174 
Gy = 0.021 fi, >= 0.16 Mev, 
Gz = 0.023 hø, = 0.17 MeV, 


| av 
the second group 174<A<188 | 


Gy = 0.020 hå, = 0.145 Mev, C52) 


G70.021 Kog 0152 MeV 


Thus, over the whole region 1536<A<188 one can consider 


mee 

2 96 
ER i (26) 
GE == MERE 


The summation in the equations for determining C and 4 is being performed 
over 36 single-particle levels”, Note that the values of the pairing interaction constants 
depend on the number of the levels in the summation. The physical properties of the 
system are practically independent of the number of the levels summed up when 
their number exceeds 10—12 levels both higher and lower than the K-state. By increasing 
the number of the summed levels the values of the constants G,, and G, became smaller 
by (0.03—0.04) hå, compared to the values in [5l, where the summation was made 
over 24 levels. However, in spite of decreasing the constants G, and G,, the magnitudes 
of the correlation functions C changed insignificantly compared to their values in (51, 
while the ratios C (K)/C somewhat increased. 

The choice of parameters (26) is consistent with that of Ninsson and PRIOR /[9), 
considering the larger number of levels included in the summations by these authors. 

The magnitudes of the correlation functions C of the ground state of the even 
proton systems in the region 63<Z<76 are monotonically falling with Z from 
C=0.13 hø, down to C=0.11 fiæ,. As for the ratio C(K)/C, it changes irregularly 
within the interval 0.50—0.75. For the neutron system in the range 92< N<112 the 
magnitudes of the correlation functions C of the ground states with the even number 
of particles change within the limit (0.11—0.14) fido, and the ratios C (K)/C assume 
the values within the interval 0.6—0.8. 

A choice of two sets of the average field levels and of two values of G for a large 


£ I wish to thank Dr. S. Ninzsson who pointed out that it is reasonable to increase the number of the 
summed levels. 
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group of nuclei is a rather rough approximation, as the behaviour of the average field 
levels, the equilibrium deformation, and the pairing energies change noticeably. We 
do so to exclude, first, the arbitrariness in calculating the even-even nuclei spectra, 
second, to be able to compare therelative values of log ft for the P-decays and to find 
log ft in the even nuclei according to the experimental data on the f-transitions in the 
odd nuclei. We act also in such a way because the single-particle levels of odd nuclei 
are known to be relatively few, and the available experimental data did not give 
evidence for the necessity of forming more than two groups. 

The calculated single-particle spectra of the odd-4 nuclei, illustrated in Figs. 
1 and 2, show particle excited states above C (K) = 0 and hole states below C (K) = 0. 


The calculations lead to a fairly acceptable description of the behaviour of the single- 
particle levels of the odd-4 nuclei. The exception is the change in the sequence of 
the levels 7/2 + [404] and 9/2 — [514] in some odd-Z nuclei and the change in the spin 
of the ground state of the odd-N nuclei when N = 95. When N<93 the scheme we 
accepted fails to give correct values for the spins of the ground states of some odd-N 
nuclei. Therefore, for the case with N = 91, we substituted the level 11/2 — [505] in 
place of the level 5/2 — [523], and moved this level, together with 5/2 + [642] and 
3/2 — [521], down each by one step, thus retaining the energy spectrum. 

Among the excited states of the system consisting of the odd number of particles, 
there must also be observed the three-quasi-particle states besides the single-quasi- 
particle ones. The energy of the three-quasi-particle states has to be, as a rule, some- 
what higher than the excitation energy corresponding to the even system. However, 
in the particular cases when the particle and hole levels of the average field come very 
close to the K-level, i.e., in the vicinity of the crossing point of the three-single-particle 
levels, the energy of the three-quasi-particle state (K—I, K, K+ I) becomes noticeably 
lower. Consider, for example, the K—1, K and K+1 levels of Dy!$, which are 
3/2 — [521], 5/2 + [642] and 5/2 — [523], respectively. The energy difference between 
the (K+1) and (K—1) levels is found experimentally to be 0.1 MeV. Assuming that 
the pairing correlations are absent in the three-quasi-particle states (K—1, K, K+1), 
we find that these excited states must have spins and parities 3/2 +, 7/2 +, and 13/2 +, 
each with an energy about 1 MeV. Some of these levels may be observable by the 
Coulomb excitation of Dy!6 in contrast to the situation in Ø-decay, where the prob- 
abilities of these levels being populated is sufficiently large only in the transition 
from those excited states in which two-quasi-particles are situated on any two of the 
three states K—1, K, and K+1. 


4. Superfluid Properties of Systems Consisting of an Even Number 
of Particles 


The advantage of the superfluid model over the independent-particle one is 
exhibited especially clearly by the properties of the even-even nuclei. The single- 
particle level spectra calculated in U", 13, 15] reflect the basic regularities in the behaviour 
of the even-even nuclear levels, In this section, we consider the general properties of 
the superfluid nuclear model, viz., the dependence of the superfluid state character- 
istics, and the behaviour of the even system levels on the magnitude of the pairing 
interaction constant G, the superfluid properties of the two-quasi-particle excited 
states of the system, and the specific features of the 0+ states, etc. 

Ås an example, we take the neutron system with N = 106, e.g., Hf778, and 
investigate the behaviour of the ground- and two-quasi-particle excited states as the 
pairing interaction constant G increases. As mentioned above, the experimental value 
of G is found to be 0.020 hø,. For G = 0.012 hø,, the correlation function C is very 
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small, while the energy of the ground state is approximately equal to its value with 
G= 0. Thus, for G = 0.012 h6,, there are practically no pairing correlations. For 
G = 0.016 hø, we have C = 0.058 hø, = 0.42 MeV, and the energy is decreased by 
0.017 hø, = 0.12 MeV compared with the case when G=0, although the negative 
potential energy changes to a greater extent, viz., C?/G = 1.5 MeV. Fig. 3 shows the 
values of the ground-state energy and the magnitudes of the gap 2 C for G equal to 


a. b. 
0.024h&, 0.020 0,016 G=0 0.046 0.020 0.024h&, 
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0.016; 0.020; 0.024 hæ,. For G = 0.028 hæ,, the energy of the ground state de- 
creases by 0.70 høj, = 5.1 MeV, and C = 0.28 hø, = 2.1 MeV. For G= 0.032 hy, 
the correlation function of the ground state C = 0.37 hø, = 2.7 MeV, and the energy 
decreases by 1.17 hid, = 8.5 MeV, C?/G being equal to 30.5 MeV. 

Consider the behaviour of the two-quasi-particle excited states of the system 
depending on G. With this aim in mind we represent in Fig. 3 case b) the energies of 
the excited states calculated according to the superfluid nuclear model with the aid 
of an electronic computer. In Fig. 3 case a) we give the energies of the excited states 
calculated by the formula 

68 (K1)+ & (K») 
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according to the original formulation of the pairing correlations B; %1. We designate 
by (K, K+2) the state of the system with one quasi-particle on the K-level, and the 
second one on the K+2 level, where K is the last filled single-particle level of the 
average field at G = 0. Note that in the present model the number of particles is 
conserved on the average, and all the calculated excited states may be referred to the 
same system of particles. 

As is seen from Fig. 3, the behaviour of the two-quasi-particle excited state 
energies as a function of G, calculated by the superfluid nuclear model, is very dif- 
ferent for small G from their behaviour in the case a), where an increase in the energy 
of some lower states is observed with G up to G = 0.020 hæ,, which is due to the 
incorrectness of the mathematical methods used. In the case b), the energies of both 
the ground- and excited states are decreasing monotonically with G, although the 
degree of their energy decrease is different. This is connected with the circumstance 
that, in the present model, the specific superfluid properties of the individual quasi- 
particle levels is taken into account. 

Let us analyse the behaviour of the correlation functions C (K;, K») of the 
two-particle excited states. To this end, we write down, in Table 2, the changes in the 
ratios C (K, K2)/C with increasing G. In the range of the values for G from 0.016 up 
to 0.024, there is a great difference in the magnitude of the correlation function of 
the excited states, in some low-excited states the pairing correlations being absent 
even for G = 0.016 h&,. For G = 0.028 hæ, and larger, they are little different from 
each other and less than the magnitude of the correlation function C of the ground 
state by approximately (15—20)'/,. Thus, the difference between the correlation 
functions of the excited states which is taken into account by the superfluid nuclear 
model is essential at G = 0.020 hy, which corresponds to the actual nuclear forces. 
This is so because, for G = 0.020 hd, in the interval 2 C, there are 4—5 levels of the 
average field which are most effective. The superfluid properties of the excited states 
depend strongly on which two-single-particle levels the quasi-particles are. If one or 
two quasi-particles are in the levels far from K, then the effect of their elimination in 
(13), (14) decreases. It is seen from Table 2 that, for G = 0.016 hæ, where 2 C = 0.84 
MeV, the K+3, K+4 levels are not very effective, and the ratios 
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and others are large. With increasing G, the number of the most effective levels in- 
creases, and for G = 0.020 fi, the ratio C(K+2, K+3)/C and others decreases. The 
number of the most effective levels becomes larger with G. Therefore, the ratios 
C (K,, K»)/C are getting greater. For G = 0.028 hø, and larger, the number of the 
most effective levels is great and the elimination of any two of them in (13) and (14) 
leads, practically, to the same results. i 

To show the importance of the blocking effect we give ratios C (K,, K»)/C in 
Tables 3 and 4 for the same neutron and proton systems at a value of G, which cor- 
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TABLE 2 
G in units of (hi &,) 
0.016 0.020 | 0.024 | 0.028 | 0.032 
Bee rr SN ES RER KERNER 0 0.23 0.67 0.74 0.83 
FE SN Re 0 0.46 0.70 0.78 0.84 
ERE REV ER er Ar ØB 0 0.53 0.71 0.79 0.84 
re rr) (OD  neren SENE SAR REE DE E 0.56 0.62 0.71 0.79 0.84 
ERE ER AR RS 0.62 0.67 0.74 0.79 0.84 
ERE Se re RR 0.76 0.67 0.73 0.79 0.84 
ER EEN eee eee RE 0.72 0.75 0.78 0.81 0.85 
Er ere ol Sr DE Ser 0.80 0.72 0.76 0.81 0.85 
RS Er 0.87 0.76 0.78 0.82 0.85 
FåBErRS3 
>= MPI md, | == 0020 nå, 


NE 0 | Neo N = 96 | N = 98 | N=100| N=106 | N= 108 


EEK) CARE Bar 0.43 0.47 0 0 0 0.23 0.24 
KER ED GR LE 0.61 0.54 0.16 0.06 0.56 0.46 0.58 
ETE DE eler 0.55 0.54 0.64 0 0.10 0.53 0.50 
ERR CEN EN SER 0.53 0.53 0.28 0.71 0.37 0.62 0.62 
TEE ER 0.66 0.58 0.40 0.72 0.59 0.67 0.71 
(re HE ED NE Een 0.63 0.61 0.69 0.77 0.36 0.67 0.65 
KE ORE DIES ERE. 0.75 0.68 0.54 0.76 0.75 0.75 0.81 
NET eN ER 0.73 0.73 0.71 .84 0.54 0.72 0.68 
RED SNE SS So seE 0.71 0.75 0.84 0.82 0.62 0.76 0.73 
EENALLE | 0.131 | 0.129 0.121 0.109 om | 0.127 | 0.131 
TABLE 4 


Gz = 0.023 fi &, Gz= 0.021 ho, 


Gene) BÆRES B= (RB | 5 24 
EEN re 0.20 0 0 0.006 0.005 
oe er Ree 0.43 0.25 0 0.39 0.006 
RE) he 0.54 0.50 0.39 0.47 0.39 
RED ORE re 0.48 0.54 0.53 0.19 0.66 
BRET ER) CE 0.55 0.57 0.60 0.48 0.67 
ED 0.60 0.67 0.68 0.54 0.69 
REE RE [VG NE ar 0.68 0.65 0.71 0.69 0.75 
ora ore ener 0.68 0.73 0.70 0.61 0.72 
ER 0.73 0.79 0.79 0.74 0.78 


GE) 0.131 027 0.121 0.114 02 
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TABLE 5 


wLSS EO 0 


IT (Ur (fy f) Ur (f2 f2) + Ve (fa f) Ve (F» f2)" 


I state II state C+ Fil: 
G= 0.012 0.016 0.020 0.024 0.028 0.032 ho, 
RENE KE ER ED HEEESE  ES 
10> K—1, K—1 0.0001 0.58 0.82 0.90 0.93 0.96 
105 K+1, K+1 0.08 0.72 0.82 0.86 0.92 0.95 
KK K+2, K+ 2 0.007 0.28 0.64 0.88 0.96 0.98 
K+1, K+1 K— 1, K—1 0.09 0.44 0:71 0.90 0.97 0.99 
K+2, K+ 2 K—1, K—1 0.001 0.20 0.59 0.84 0.94 0.97 
K+2, K+ 2 K+1, K+1 |- 0.99 0.99 0.98 0.98 0.99 1.00 


responds to the actual nuclear forces. As is seen from these tables, the influence of 
quasi-particles on the superfluid properties of the system is very essential. 
In investigating the effect of the ground and excited state superfluidity on the 
B- and y-transition probabilities 3, 20), we see that in the expressions for the super- 
fluid corrections the factors appear of the form (see (31) below) 
… TT(U,U;+V, VJ, (27) 
Gr Fa 
which are not unity due to the difference in the superfluid properties of the initial and 
final states. Let us decide whether these factors are important. Therefore, in Table 5, 
we give the changes in (; which are products of the form 


FUR Uk) +V (hf) VE RF (27) 
where the initial and final states are the 0+ states. In Table 5, the ground state of the 
system is denoted by |0> while the two-quasi-particle excited state with both quasi- 
particles on the K—1 level is denoted by K—1, K—1, etc. Ås we can see from this table, 
the expression (277) increases with G, and for G = 0.032 fh, it is approaching unity. 
We give in Table 6 some values of (27) for Gz and Gy which correspond to the real 
nuclear forces. Ås is seen from Tables 5 and 6, values of (27) change within the inter- 
val 0.5—1.0, though most of its values are within the range 0.7—0.9. Thus, in in- 
vestigating the Ø- and y-transitions in the strongly deformed nuclei, it is necessary to 
calculate the products of form (27) for each case. 

One of the most important results of the present calculations is the falling of the 
energy of one, and in some cases, of several excited states lower than the magnitude 
of the gap 2 C. It is shown in WS] that, in the excited state of the (K, K+ 1) even system 
(i.e. in the state where one quasi-particle is situated on the K-level, and the other 
on the next higher K+ 1 level), the superfluidity decreases considerably. This is con- 
nected with the fact that the correlated pairs according to the Pauli principle cannot 
occupy the K and K+ 1 levels. Therefore, in the states which the pairs can populate, 
there appears a large gap for the strongly deformed nuclei. If the number of the states 
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TABLE 6 
26 
Neutron system Gy = Æ Mev 
even system | odd system 
II(Ug Ut + Vo Ve) 

N state | N' state ESF Ra : 5 
92 KÆFT K+2 SE TEL 0.84 
94 "re 5 REN <e 95 K'=—1 0.98 
96 KEBA-1 95 IKE 0.56 
98 FR ET SP 97 K 0.67 
98 K, K+ 1 99 Ja 0.72 
98 K+1, K+3 99 Kr 0.70 
98 ground 99 K'—1 0.83 

KG 0.86 

K'+1 0:91 

535 0:99 

28 
Proton system Gz = ER Mev 
even system odd system 3 u 
IGOR UREN ENDE 

Z state | DØ : state C+ fif: Se 

K'—1 0.95 

KØ (egl 
64 ground 63 

IGEN 0.89 

K'+ 2 0.82 
64 K, K+3 63 TA 0:99 
64 K, K+1 65 Fre 0.76 
66 K, K+1 65 KE 0.58 
66 K—1, K+1 67 KS 0.88 
66 K+1, K+ 2 67 KS OS72 
68 RE LEE 67 ke 0.95 
68 K+1, K+ 2 69 K 0.60 


below the gap is equal to the number of particles, it is energetically unfavourable for 
the pairs to populate the K+ 2 and higher levels, and the superfluidity in the (K, K+ 1) 
state then becomes considerably less. The calculated values of the energy of the 
(K, K+1) state for a number of nuclei are noticeably smaller than the magnitude of 
2 C and agree well with the corresponding experimental data, as is seen from Table 
7, where we give the value of the gap 2 C, the calculated energy levels (K, K+1), 
and the experimental data which are analyzed in [241], The agreement of the theory 
with the experiment as far as the depression of the (K, K+ 1) state energy below the 
gap is concerned gives evidence for the importance of the blocking effect, provided 
we can neglect effects associated with the interaction between quasi-particles. In 
Mat. Fys. Skr. Dan. Vid. Selsk. 1, no. 11. a 
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TABLE 7 
Energy of state (K, K+1) 


Gap Energy (MevV) 
Nuclei System Kr 2C FEE EEEEe eee er — 
(MeV) calculated observed 

ONES ER ES Eee eee proton 2— inst 13 14150 
WES Boe ENE EET od proton 2— 1.61 1152) 1.290 
NESA ERNE ME SENERE Sl ein neutron 4A— 1.89 15 1.554 
HE EET er ERE rese Ea ere proton 8— 1.66 120 1.142 
LES se ØE] SKETE Sens SERENE BER Er proton 8— 1.66 1:50 1.148 
78 ES SEE BR SEE Me EN se neutron 8— 1.85 155 1.480 
VG DD RE EREESTE pars HERE ERES RES EEEEEE EE proton 3+ 1.80 1.4 1.664 
SYGD EUS ET Te se SDR na BAT neutron 3+ 1.65 123 1.174 

2F(S=17) 1.468 
Er SEEREN SE Es Ino proton 3(= 1) 1.82 1185) 1.543 
LEO va se R ENE REE neutron 3—(%= 1) 1.64 1-1 1.095 
Div SEERE SEE NE EN ES eee SENSE LER neutron 5— 1.83 13 1.485 
ONS SEERE OU ERR proton 2— 1.90 1.4 1.260 
DSO REESE ET Eee erne neutron 1— 1596 15 (1.20) 
CATE SESS Sae Te ENE IO Fa E ESKE ETS ENS proton 4+ 2.0 1.45 SER 
GAUSS EN ENE SEE) SEN AG ele needs neutron 1— 2.0 1.5 1.240 


some cases, such interactions may give rise to collective effects, especially for the 
2 + levels which may acquire the character of y-vibrations, with an associated addi- 
tional depression of the energy. 

Among the excited states of the even system, the 0 + states with two-quasi-partic- 
les on the same single-particle level of the average field occupy a special place. The 
wave functions of these states are non-orthogonal with respect to each other and to 
the wave function of the ground state of the system, viz.: 


fol oa Va (of) Ufo) Vs fa) | 
x (Ur (fi, FO Vy, (f2- f2) — USS) VAGE TD) (28) 
me IT (Us (f, f» Us (fø. f2) + Ve (f… fh) Ve (fe. f»)) - | 


SE flod a 


The wave functions of the remaining two-particle excited states are orthogonal 
both with respect to each other and to the wave function of the ground state. So, the 
mathematical difficulties connected with the conservation of the number of particles 
on the average are concentrated, so to say, on the 0+ states among which one state 
is superfluous. Let us analyse the dependence on G (Table 8) of the magnitudes of 
the non-orthogonal wave functions of the ground- and excited states. When the pairing 
correlations are absent, i.e., when G = 0, the number of 0 + states must decrease by 
one in comparison with the number of states calculated by the superfluid nuclear 
model. It is seen from Table 8 that, for G >0, the states (K, K) and (K+1, K+1) 


NrSLt i 19 


TABLE 8 
Non-orthogonality of the 0+ states 


G (hø,) 

0.012 | 0.016 | 0.020 | 0.024 | 0.028 0.032 
RE ER 105 | 0.13 0.18 0.12 0.07 0.03 
ON ere ERE BER 105 | 0.27 0.24 0.11 0.05 0.02 
eg Te RER NEN 0.02 0.31 0.24 0.09 0.05 0.01 
HD re DE re Sene HEER REE REE DISEDE 0.02 0.09 0.16 0.12 0.07 0.06 
RE RET KE Er HE 0.92 0.52 0.20 0.02 0.003 | 0.001 
RE 0.004 0.07 0.07 0.02 0.005 0.002 
REE eee Se 0.02 0.10 0.07 0.02 0.004 0.002 


coincide, and the remaining ones become mutually orthogonal. With increasing G the 
magnitude of the non-orthogonal wave functions of the states (K, K)and (K+1,K+1) 
decreases, but the non-orthogonality of the wave functions of other low-excited 0 + 
states rises. For large values of G, the non-orthogonality of the wave functions of the 
low-excited states becomes smaller since the number of the mutually non-orthogonal 
0 + states increases. It is seen from Fig. 3 that, for small G, the energies of the (K, K) 
and (K+1, K+1) states practically coincide; with increasing G there appears a slight 
splitting. When the values of G correspond to G = 0.020 h&,, one can roughly consider 
that there is one 0 + state with an averaged excitation energy instead of the two (K, K) 
and (K+1, K+1) states. 

For the case N = 106, G = 0.020 hwo considered above, we investigate the de- 

1 E(C)=4 ! 
HE rs ER the STA 
2 27 ; H 

ke + E(0)-4) ]72 under the sum in (8), and the function EST GETS 


entering the expression for the average quadratic fluctuation of the number of par- 
ticles 


pendence on E(C) of the function VE = 


see NR CE ; 
Cd ENHED ER 


Fig. 4 (p. 20) shows the dependence'of the value of these functions on the energy, 
which is measured from that of the K-levelinthe units of h YM , MeV, and in the magnitudes 
of C = 0.127 hå, = 0.925 MeV. The vertical lines indicate the position of the average 
field levels. The values of VÆ ande eg +i BG) Vale: should be read off from the 
left-hand axis of the ordinate, and the values [C?+( E(0)—A 7] 7"? along the right- 
hand one. We see from Fig. 4 that, at the energies higher than about 3C or 4C, mea- 
sured from the K-level, the magnitudes of the considered functions are monotonically 
approaching the corresponding limit. The region of the average field levels which is 
most important for the pairing correlation effect is within the interval 6C—8C near 
the K state and comprises 15—20 levels. However, in (8), (9) and other equations, 
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0.3 0.2 01 (9) 01 03 0.4 0.5 0.6 TERN 
219 146 0.73 (9) 0,73 v 219 292 3,65 4,38 MeV 
Me OG eee 
5 4 3 2 1 (9 1 2 3 4 SEG 


the summation region should be increased up to 10C and even more. If the corre- 
lation function of the ground state is weakly dependent on the number of the levels 
over which the summation is being made, then the ratio C(K)/C of the correlation 
function of the ground state of the odd system C(K) to C is more sensitive to the cut- 
off since (91 


RS ME KT 
c Cc (30) 
STEG &? 


If, in making the summation, we restrict ourselves to the region less than 8 C, then the 
ratio C(K)/C becomes too small. For instance, in the calculations for the proton system 
with Z = 93, when a sufficient number of levels was taken higher than K, then for 
a lower cut-off at 3.5 C below K, we get C(K)/C = 0.5 for C = 0.09 kh 60, whereas for 
a cut-off at 7C below K, one obtains C(K)/C = 0.8 for C = 0.08 h&0. By further 
increasing the number of the summed levels the ratio changes very weakly. In the 
present calculations the summation is taken over 36 levels of the average field. 

The change in the superfluid properties of the system in the transition from the 
ground- to excited states of the even system will undoubtedly affect the magnitudes of 
the moments of inertia of the ground- and excited states calculated according to the 
superfluid model of a nucleus. The moment of inertia for the ground state depends 
upon the superfluid properties both of the ground- and excited states, i.e., upon the 
superfluid characteristics of the whole system. The moment of inertia of the system 
in an excited state is dependent on the superfluid properties both of the given and 
other states. Therefore, a sharp decrease in the magnitude of the correlation function 
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C (K,, K») for the given excited state, e.g., for the (K, K+1) state, will not necessarily 
lead to the same considerable change in the magnitude of the moment of inertia. 

The superfluid properties of the strongly deformed nuclei depend very much 
upon the magnitude of the pairing interaction constant G. If G were twice as little as 
the value corresponding to the nuclear forces in heavy nuclei, then the pairing corre- 
lations would practically be absent. If, on the other hand, G were twice as much, 
many features of the nuclei would considerably alter, and the shell structure would be, 
at least, strongly masked. The differences in the superfluid properties of the two- 
quasi-particle excited states relative to each other and to the ground state of the system 
are essential in the region of strongly deformed nuclei and are outside the errors of 
the method. 

Thus, the specific features of the superfluid model of a nucleus are important 
for the values of G which correspond to the residual nuclear forces, and when the 
behaviour of the single-particle levels of the average field is like that in the strongly 
deformed nuclei. 


5. Superfluid Corrections and Additional Classification 
of p-transition Probabilities 


It is shown in!1, 13] that the role of the superfluid corrections to the f-and y- 
transition probabilities in strongly deformed nuclei may be appreciable. In this sec- 
tion we formulate general rules of constructing the corrections to Ø-transitions due to 
the superfluidity of the ground- and excited states. Besides keeping Alaga's selection 
rules classification of the probabilities for P-decay of strongly-deformed nuclei, we 
introduce an additional selection rule. The role of the superfluid corrections is 
investigated by analyzing log ft for the f-transitions between identical pairs of the 
single-particle states in different nuclei. 

The matrix element describing the fØ-decay of a complex nucleus is written sym- 
bolically as 

MERE SBS mer (65) BK GA DN ” (SMS by | 


La bå å (ST) 
ERE Ga] BER SE 


Sa . . . . AVL 2 
Here, <£,|I'|6,% is the single-particle matrix element of the transition, and RY? < 
He SNE PD) uhere Dis tKewvavesfunctionsof the 2N-particle; system. 
The values ft characterizing the Ø-decay are obtained in the form 
: Const ve 
fliserne RÅ (32) 
FPP It 
R being represented as R = R, R,. The quantities R, and R, describe the change in 
the proton and neutron configurations of the nucleus associated with the f-transition 
in the form 
Mat. Fys. Skr. Dan. Vid. Selsk. 1, n0.11. 4 
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R;= y II (U; U/ + V; V;J (33) 
GE im p 
with the functions U;, V; referring to the initial and U,, V; to the final states. The 
product in (33) extends over the levels in which there are no quasi-particles in initial 
as well as final states. In the special case of two quasi-particles in the same level the 
corresponding expression is given below (34). 

The more alike the superfluid properties of the initial and final states, the closer 
the product (33) approaches unity. In the formulation [5 of the pairing correla- 
tions, this product is equal to unity. Further, if the number of paired particles in the 
initial and final states is. the same, as, e.g., in the Ø-decay TOT | SES LOS e LLR 
then y = U%. If the number of paired nucleons varies in the course of the decay, as 
re Rae TES wie then == V%,"fbeing referred tothelevelfonswhichearquase 
particle either disappeared or appeared. The functions UG or ve in (33) charac- 
terize the superfluid properties of the system with a smaller number of quasi- 
particles. So, for instance, in the Ø-decay of the odd system into the ground state of 
the even one, vÆé and bg are referred to the even system, while in the Ø-decay of the 
single-particle odd state into the two-quasi-particle excited state, Vi and U? are re- 
ferred to the odd system, etc. 

Consider the case when the pairing interaction constant G tends to zero, i.e., 
when the superfluid model passes into the independent-particle model. Then the 
correction R, takes one of the two values R, = 1 or R, = 0, provided R, = 1; this cor- 
responds to the case when the f-decay occurs without any change in the configu- 
ration of all the nucleons except one, whereas in the case R, = 0 the 2-decay is pro- 
ceeding accompanied by a change in the configuration of more than one nucleon in 
the independent-particle model. For the Ø-decay in which the number of pairs re- 
mains unaltered, R, = 1 for the particle transitions, and R, = 0 for the hole ones, 
while for the Ø-decay in which the number of pairs changes by unity, R, = 1 for the 
hole transitions and R, = 0 for the particle ones. The particle transitions are called 
the transitions in which a quasi-particle either disappears or appears on the single- 
particle levels f whose energy is higher than 4 referred to the system with the smaller 
number of quasi-particles. For the hole transitions, the energies of the single-particle 
levels f are lower than Å. 

Let us make ?%] an additional (in comparison with the selection rules formulated 
inl761) classification of the fØ-decay probabilities of the strongly deformed complex 
nuclei, viz., we divide all the f-transitions into three groups: 


group I BAGGE O)ERIE 0<R,(G+0)<1 
group II R(G=0)=0, 0<R(G+0)<1 
group III RG DEO R,(G+0)=0. 


The first group includes 
a) those Ø-decays whose initial and final states are the ground states of the system, 
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MABLE TO 
Allowed unhindered beta transitions of the odd nuclei 


Nuclei | Class. | R | log (ft)e | log (07 log [(/)e Rn] 


6z=4 7/2—[523] 32 €, = 4 5/2—[523] å 


SE SSD sa ERE Kr ye SE ESER SESER ESSENS TAL 0.52 4.809] 4.8 4.4 
SKETE GE es ER Ng BEG E  Kee EEE SEE. ES SURE EEN RE sø iel 0.58 Se LEG, 4.7 24.7 
BEN MEE SKET KR 5 6t SEES SSR SE Song TIE BESES JÆT 0.26 BSA TOD SE 1530 — 4.3 
sale 5 Ensd BYE BER res ER SNE SR SRRSER DEL 0.39 SSO] 4.9 4.5 
SÅ ENDE SE SE BD DE TE REE SOREN SE mer 0.31 FASE 5.0 4.1 
SEE Re ES Rye LSE roser Del 0.36 zy EG 4.8 <4.6 
RE LEE RR En rs TER SEE RE ERE MENER TAN 0.42 za POI 4.8 <4.6 
eN 9/2 [514] KER 7] 2 [STA] V 
le RE SERENE BE | øæ 1 age 4.7 4.2 
RET ØE SN RE SRE 26 EEN VS ERE SED ES KESES val 0.44 | 4.60251] | 4.6 | ARD. 


b) the particle transitions when the number of pairs remains unaltered, 

c) the hole transitions when the number of pairs changes by unity. 

For example, the f-transitions U8] into the state 7/2—[503] Hf” with an energy 
of 1060.1 keV, into the states 9/2 — [505] and 7/2 — [503] Hf77 with energies of 1226.7 
keV and 1045.5 keV, respectively. 

The second group includes 

a) the hole transitions when the number of particle pairs does not change, 

b) the particle transitions when the number of particle pairs changes by unity. 
For the Ø-decays referred to the second group, the superfluid model allows non-zero 
transition probabilities, while these transitions are strictly forbidden in the indepen- 
dent-particle model. It is worth while noting that the corrections R, calculated by 
the superfluid nuclear model, which are referred to the first and second groups and 
which are associated with the Ø-transitions to the low-excited nuclear states (SX 0.3MevV), 
are equal to each other within an order of magnitude; in the transitions to the strongly 
excited states (1 MeV and higher) they differ very much. 

The analysis of the experimental data shows that there are more than 20 al- 
ready established f-transitions referred to the second group (see Tables 9—11). The 
observation of these fØ-transitions with intensities of the expected order of magnitude 
provides further evidence for the presence of short-range pairing interactions. 

While the first and the second groups incorporate those Ø-decays in which only 
one quasi-particle in the proton (neutron) systems disappears or appears and the con- 
figuration of the remaining particles is left unaltered, the third group includes 

a) the transitions in which the number of quasi-particles of the proton (neutron) 


system changes by more than unity; 
DUE 3 
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BARBER O 
Allowed hindered beta transitions of odd nuclei 


Nuclei Class. | R | log (ft)e | log (ft), | log [(ft)e Ry] 


Cg= 4 5/2—[532] VZ €n = £ 3/2—[521] 4 


EUD er EDR ses KEE S er ENE SENDES IL 0.07 606 6.7 5.6 

ER er DEG ore ker EEN DRESS ES ER Hrpdl DSE kg ER 5.8 DET 
Ce = 4 5/24 [413] 2 €n = 4 5/2 + [642] 4 

re ERE BER. eee 
Cz= 4 3/2+ [411] 1% 6 = 45/2 + [642] % 

ENE Dø ere NE rr ae eee 
Cz= 4 7/2—[523] ) 2 &n = 4 5/2—[512] fy 

rr ER Fer le RER ES EGER ES DEER FEDE HR. KEE 5 
C7=47/2+ [404] 2 Cy = £ 7/2 + [633] + 

SER ES SE SE rese FRE Er IbAUT 0.12 6.7[18] 7 5.8 

HE ER SE Sr Een Ups 0.06 TEDE 7.0 6.6 
Cz= 4 7/24 [404] 12 Cy = 4 9/7 + [624] 3 

EEN En EN Elle II 0.34 6.6[25] 6.6 6.2 

KOS fB AS EBE SED YDE SET SR se SS mil | - On 6.216] 6.5 5.9 

SEN DA VEN SÅ CSS Sd eh EBE Se SSR SS FESaSESE SEERE BIER LI 0.15 630] 7.0 5.5 

ED EET > FIT SE RE SEERE RE ES EREER. Bal 0.33 TEDE 6.7 7.4 

BE HE KASSEREREN SEES, ENER van 0.25 6.9[16] 6.8 6.3 

ER EO SETE ene ER e ver 0.46 lee] 6.5 6.9 


b) the transitions in which, besides the change in the number of quasi-particles 
by unity, the configuration of other quasi-particles changes. 

The superfluid nuclear model is a model of independent quasi-particles. There- 
fore, the transitions associated with the changes of configuration of the quasi-particles 
are strictly forbidden. It would be of interest to have experimental data on the degree 
of forbiddenness of the transitions referred to the third group. To this end, the prob- 
ability should be found for f-decay of the single-quasi-particle state of the odd 
system into such a two-quasi-particle excited state of the even system so that all three 
quasi-particles would be on different single-particle levels of the average field. 

For the Ø-decay of the two-quasi-particle state of the even system, where the 
quasi-particles are on the same level f, to the state of the odd system with a quasi- 
particle on the level v the superfluid correction is found to be 
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when the number of paired nucleons remains unaltered. The first component in (34) 
differs from the corrections considered above in so far as the factor U, (f,f) is referred 
to the state with the greater number of quasi-particles. The second component in (34) 
gives the non-zero contribution to the $-transitions referred to the third group. Its 
appearance in (34) is likely to be due to the above-considered non-orthogonality of 
the 0 + states. 

The same corrections must be included in the cross sections of several nuclear 
reactions, e.g., the cross section of the stripping reactions (dp) is proportional to Ry. 
If the final states of the nuclei consist of an odd number of neutrons, then the cor- 
rection has the form 


UL TE(U, VED+VEVEDV (35) 


and particle excitations of the final state nuclei are more probable than hole excitations. 

However, if the final states of the nuclei consist of an even number of neutrons, 
then the correction to the cross section for formation of the ground state is different 
from that for the excited states. For the ground state we have the factor 


VK IT(U: Ur (K)+V-Vr(K)Y, (36) 
CF K i 
while for the excited two quasi-particle states we have 
Ul; en ( Ur (K) Ur(K,f)+V-(K) V-(K, f)Y. (361) 
5 , 


Let us calculate the superfluid corrections to fØ-transitions between single-particle 
states of the odd nuclei. The calculations of R,, formula (33), are made with the use 
of an electronic computer and take into account the scheme of single-particle levels 
and the values of Gy and Gz given in section 3. The result of the calculations are 
shown in Figs. 5 and 6. Neutron corrections Ry are shown in Fig. 5, case a) corre- 
sponding to transitions in which the number of pairs remains unaltered (2n2 2n+1), 
case b) corresponding to f-transitions in which the number of pairs changes by one 
QénzZ2n—1). We distinguish between the different curves by stating the number 
of neutrons of the odd system, and we denote the position of the ground state on any 
one such curve by a double circle &. The axis of abscissa shows the number of single- 
particle states whose quantum numbers are given in Table 1. The proton corrections 
are similarly shown in Fig. 6. 

The aim is, on the one hand, to clear up the role of the superfluid corrections, 
and, on the other, to account for the change in the experimental values of log ft in 
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TABLE 11 
First forbidden unhindered transitions of odd nuclei 
Nuclei Class. R log (fe | log (ft), | log [(fi), Ry] 
r (| 
Ca= 4 3/2+ [411] IX 2n= < 3/2—[521] ) 
SEDD BØRKESRES GO EESESR RESET NSSS NE I] 0.24 6,709 6.7 61 
KE DD RRS RTD USAS SEERE SSR SOE ES Tal 0.47 6.801 6.4 6,5 
Ca= 4 7/2—[523] 33 En= < 7/2 + [633] ) 
SSETORENERE RAD ERR TISSER K TREERE ISE 0.33 6.209] 6.2 5,7 
BVELG AES FREE SER RER Ree TI 0.23 6.008] 6.3 5,4 
Ca= 41/2 + [411] 33 &n= < 37/2—[521] ) 
KERNER ss Fa aeRNdNe Re, | ma | 018 | een | == 00 
Ce=41/2+ [411] 13 Cy = 4 1/2—[510] ) 
KUE ES ROSER SA DN tas ERE ser RES ELERS Aa 0.26 6.409] 6.4 5,8 
SIG Ree RER RES SEERNES SA SN SENER SEERE ERR 1,1 0.30 6.305] 6.3 5,8 
RUGE SENERE SR USER SSG SR STENE LT 0.36 6.505] 6.3 6.1 
Ca=f 1/2+ [411] 33 Cx = < 1/2—[510] ) 
NREN SE RR TERE ERR kede 0.27 SELE KE 5.7 
ANDS BES SEES ESSEN ER ERE ERE IL 0.07 ZEN! 6.9 6.0 
Ca= 41/2 + [411] 4 3 Cx= 4 3/2—[512] ) 
KERNEN SE RET SED ER (| ER] do | roer I TE EEG 
Ca= 4 92—[514] 33 2n= f 9/2 + [624] I 
RRS EDER RT DR SEE EDER LT. 1 0.46 6.20) | 62 5.9 
Keel VE SEVEN SEERE SE RERVSLERESR ORE i: 0.37 6.825] 6.3 6.4 
C2= 47/2 + [404] 33 Cy= £ 7/2—[514] ) 
EEN EET Eee ka 0.31 6.408] 6.4 5,9 
Rg RENEE KOEN SERSE ASSR "5% 0.32 GAD | 64 5.9 
SR ge ses SSR seen Al ngl : LI 0.27 6.6P25] 6.5 6.0 
SSR RESEN SES SENERE SEERE ESS II 0.21 6.608] 6.6 3,9 


Cz= Y 7/2 + [404] KZ C,= < 7/2—[503] ) 


= (i 
SEES Ser NGEEE SEES RRS RENSE På 0.41 6,208) 6,2 5,8 
SEN REESE SEERE 10S BE SIE SENEST SNEEN Ed 0.40 6,428] 6.2 6.0 
Ra SES EAU ES re BRS RER UNETSIT 021 6.908] 6.8 5.9 
SEES AWN TE JOSE DE REE kal 0.19 6.509 65 5.8 
SEEST Me 7] SS OS ERE 


(continued) 
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TABLE 11 SE 


Nuclei | Class. | log (ft), | log (ft), Ry] 
Cz= 4 7/2 + [404] 2 En = < 9/2—[505] I 
nel De as add 8 FE LEDEEE Sr lor sEE Fats SBAS FA Bente, æn 0.41 6.4M] 6.4 6.0 
REE SES ESAUEDESN SR Sen. [RER BRENNER Ad Bolr 0.16 7:5ERl 6.8 6.5 
BEST [402] VER EBA T AJ] Y 
SER SE SANS SSR RENEE] SENE SER SESSA SEERE ER Pal 0.30 Z:01EE] 7.9 7.4 
Er Rees WES SE SEE he dkr alle kon 0.38 7.504 7.8 Tel 
ER Ve lt Eder IM 0.46 7.405] 75 Teal 


passing between the identical single-particle states in different nuclei and to calculate 
log ft for the Ø-transitions in the even nuclei by using the experimental data on the 
P-transitions in the odd nuclei. To eliminate the influence of the average field as much 
as possible we analyse the f-transitions between the pairs of identical single-particle 
states in different nuclei. In such an approach, of course, the influence of the single- 
particle matrix element <f,|I'|f,> on the relative values of logft is not entirely 
excluded, since in the transition from one nucleus to another the average field changes 
slightly. 

Following the additional classification of the f-transitions introduced above, we 
denote the transitions referred to the first group by I, those referred to the second group 
by II, and those referred to the third group by F. According to the generally accepted 
classification of the Ø-transitions we shall write down the additional one, first, for the 
proton system, and then for the neutron one. For example, a h I II implies that the 
proton transition is assigned to the first group, and the neutron one to the second group. 

Consider the f-transitions in the odd-Å nuclei. In Tables 9, 10, and 11 the 
experimental data and the results of the calculations are shown. To facilitate the com- 
parison of the f-transition probabilities between the pairs of identical single-particle 
states in different nuclei, we have put all the relevant quantities together. In the first 
column of Tables 9—11 we have written down the parent and daughter nuclei. The 
additional classification is introduced in the second column. In the third column the 
superfluid correction R is given and, in the fourth, the experimental values of log (ft), 
with references, are shown. In column 5 are given the calculated values of log (8), 
relative to the first value of the given set which has been normalized to the experimental 
SAG In the calculated value has been included the statistical factor 7=<I,K, 

DE 1855 , where (4,v) is the multipole order of the transition. Note that, if the 
average field does not alter in passing from one nucleus to another, then the change 
of log (ft), should be accounted for by the superfluid corrections. 

Since the asymptotic selection rules are based on the independent-particle model 
in the form of Nilsson's potential, it is convenient for this classification to consider 
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log [(f8), Ry] rather than log(ft),, thereby excluding the effect of superfluidity and the 
statistical factor %. The values of log [(ft), Ry] are given in the last column of Tables 
VER 

All the allowed unhindered f-transitions are shown in Table 9, which in this 
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case happens to include only transitions of the first group. Therefore, the values of 
log(ft), are close to each other and the inclusion of superfluidity effects does not 


noticeably alter them. 
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In Table 10 the allowed hindered f-transitions are shown. In this case there are 
B-transitions referred to both the first and second groups and therefore the inclusion 
of the superfluid corrections are of greater importance (see especially the transitions 
between states 532 f and 5211). However, in these cases, the average field changes 
noticeably in passing from one nucleus to another. The transitions between the states 
[404] 4 and [624] show unexplained fluctuations. Å possible cause may be that 
hindered f-transitions are more sensitive to changes in the average field compared 
to unhindered ones. 

We present in Table 11 the first forbidden unhindered f-transitions. Improved 
agreement is obtained between the calculated and experimental values of log ft for 
most of the given transitions. However, the superfluid corrections for the transition 
between states [411] and [521] f increase the difference between the probabilities 
of the first and the second transitions. For the transitions between states 


ET TAM] KEE LET 09 
€,=47/2+ [404] ) 2 C, =(7/2—[503]) and 
5=$ 7/24 [404] == 9]2 7505] 3, 
which refer to the second group, the superfluid corrections are very important. 


The Ø-transition probabilities observed in the strongly deformed odd-A nuclei 
are summarized in (6, They are classified in the following manner: 


4.5 < log (ft), < 5.0 au 
G:0KSl0os (FO) ER ah 
DEDE YA) EST lu 
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In Tables 9—11 we write down log (ft), and log [(ft), Rn] for the P-transitions in odd-A 
nuclei. The classification of the Ø-transitions in the strongly deformed odd-A nuclei 
is approximately represented as: 


4.0 < log [(ft), Rn] < 4.7 au 
Sdr DERNE 675 ah 
ros IDEER NE 6.5 han 


In passing from the log (ft), to the log [(f), Rn] classification, there appears to be a 
tendency for a narrowing of the intervals. It may be noted that, for the 1u $-decays, 
the transitions of the type [402|]1<> [512] appear to have log (ft) values somewhat 
larger than the rest of the 1u transitions. 

The comparison of the given f-transition probabilities between identical states 
in the odd and even nuclei can only be made when the change of the spin AI in the 
decay is the same and when there are no additional selection rules of the type of K 
and Å forbiddenness for the transitions in the even nuclei. Only in these cases can one 
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calculate log ft for Ø-decays in the even nuclei from experimental data on the odd-A 
nuclei. 

The detailed analysis of the Ø-decay probabilities and the calculations of the 
values of log (ft), are made in referencel24], 


6. Conclusion 


The general properties of the superfluid model of strongly deformed nuclei are 
investigated in this paper. It is shown that, firstly, the specific features of the super- 
fluid model are very essential in considering the properties of these nuclei and, secondly, 
that the mathematical method of the model is self-consistent and convenient for 
quantitative investigations. 

In the investigation of the Ø-decay probabilities and of the properties of two-quasi- 
particle excited states of the even-even nuclei, our calculations are based on the ex- 
perimental date of the single-particle levels of the odd-A nuclei and the pairing energies. 
Thus, our calculations are independent of the shortcomings of the unified model, 
the calculations themselves are quite unambiguous, and no new parameters are 
introduced. 

In the analysis of the P-decay probabilities it was found useful to classify the 
transitions into three groups; the superfluid corrections are of special importance for 
transitions belonging to group II. 

The comparison of the experimental data with the calculated energy levels of 
the even-even nuclei and the Ø-decay probabilities, made in ref. 24, shows rather 
good agreement between theory and experiment, and indicates that the two-quasi- 
particle aspect of the superfluid model can be a good basis for the analysis of the 
properties of the even-even nuclei. 


Acknowledgements 


The author expresses his deep gratitude to Professor N. N. BoGoLuBbov for his 
constant interest in this investigation and for fruitful discussions, to N.N. GovoRruNn, 
N. I. Pyatov and I. N. SiILIN for writing the program and performing the numerical 
calculations. 

Part of this work has been carried out during the author's stay at the Institute 
for Theoretical Physics, University of Copenhagen, while he was on leave from the 
Joint Institute for Nuclear Research, Dubna, USSR. He is grateful to Professor A. BoHR 
for many discussions and valuable remarks. Thanks are also due Dr. C. J. GALLAGHER 
and Professor B. R. MOTTELSON for fruitful discussions, and Dr. B. EasLea for his 
assistance with some of the English language. 

The author would also like to take this opportunity to thank Professor NIELS 
BoHR and the members of the Institute for their hospitality. 


32 


(ubn | 


NE 


References 


. L. N. CoorEer; Phys. Rev. 104, 1189 (1956). 


N. N. BocoLuBsov, V. V. TOLMACHEV and D. V. SHirkov: A New Method in the Theory 
of Superconductivity. Izdat. Acad. Nauk USSR (1958). 

J. BARDEEN, L. N. CooPEr and J. R. SCHRIEFFER: Phys. Rev. 108, 1175 (1957). 

N. N. BocoLuBbov: Doklady Acad. Nauk SSSR, 119, 52 (1958). 

A. BoHR, B. MotTELsoN and D. PINEs: Phys. Rev. 110, 936 (1958). 

N. N. BoGoLuBov and V. G. Sozoviev: Doklady Acad. Nauk SSSR, 124, 1011 (1959). 

VÆG So0LO0OVIEV: J. ET; P. USSR, "35, 8237 (1958);186,71869(1959)FNUucl EP hys 33653 
(1958/59). 

S. T. BELYAEV: Mat. Fys. Medd. Dan. Vid. Selsk. 31, No. 11 (1959). 

ANBESEMIGDAL:SJSESIN BEUSSRIT 375249 H(195 9) 

GRIN, DROzZDov and ZARETSKY: J.E. T. P. USSR, 38, 1297 (1960). 

J. J. GRIFFIN and M. RicxH: Phys. Rev. 118, 85 (1960). 


. L. S. KISSLINGER and R. SoRENSEN: Mat. Fys. Medd. Dan. Vid. Selsk. 32, No. 9 (1960). 


S. G. NiLssoN and O. Prior: Mat. Fys. Medd. Dan. Vid. Selsk. 32, No. 16 (1960). 
V. G. SoLoviev: Doklady Akad. Nauk SSSR, 131, 286 (1960), Nucl. Phys. 18, 161 (1960). 


. V. G. SoLoviEev: Doklady Akad. Nauk SSSR, 133, 325 (1960). 

. N.N. BocGoLuBov: Doklady Akad. Nauk SSSR, 119, 224 (1958). 

SEVEGESOLOVIEV USER TE PS USSR OSS ÆRLIG 

NESYGANIESSON:FMatm Fys Medd Dan vide Selsk 29ÆN OMI GR (1955) 

Lu YANG, NI 'RYATOYV, V.G.SOLOVIEV, FESNSSTETN and VÆRRR UR MANERER EDES 


USSR, 40, 1503 (1961). 


. B. MOTTELSON and S. G. NizssonN: Mat. Fys. Skr. Dan. Vid. Selsk. 1, 8 (1959). 
ENES BAKKENucl Physs9.:6707(1958759)): 

. B. HarRmMATzZ, T. H. HANDLEY and J.W. MIHELICH: Phys. Rev. 119, 1345 (1960). 
. H. MoRINAGA and K. NAGATANI: Nucl. Phys. 19, 334 (1960). 

. V. G. SoLoviEev: Doklady Acad. Nauk SSSR. 137, 1350 (1961). 

. C. J. GALLAGHER, W. F. EnwarDs and G. MANNING: Nucl. Phys. 19, 18 (1960). 
SJOHNFOSNEWTON-PhyssRev 111520 H(1960) 

SMIDNEPROVSKYNEMET "and "PEKER FJNE SEES PEUSSRES INSEE 


H. A. GRENCH and S. B. BursoN: Phys. Rev. 121, 831 (1961). 


. C. J. GALLAGHER and V. G. SoLovIEv: to appear in Mat. Fys. Skr. Dan. Vid. Selsk. 
NuclearkDaterSheets? 

. E. P. GRIGOREV and B.S. DJELEPOV: Izves. Acad. Nauk SSSR (s. phys.) 23, 868 (1959). 
. R. G. HELMER and S. B. BursonN: Phys. Rev. 119, 788 (1960). 

. P.G. Hansen, K. Wiirsky, D. J. HoREN and LUNG-WEN CxH1A0: Nucl. Phys. 24, 519 (1961). 
. M. JØRGENSEN, O. B. Nielsen and O. SKILBREID: Nucl. Phys. 24, 443 (1961). 


Indleveret til Selskabet den 5. juli 1961. 
Færdig fra trykkeriet den 30. december 1961. 


"el Kongelige Danske Fi aenck here Selskab | 
Matematisk-fysiske Skrifter i NE 
Mat. Fys. Skr. Dan. Vid. Selsk. : 
Bind tr 00 REP ES eN REE 


38 


1. BRODERSEN, SVEND, and LANGSETH, A.: The Infrared Spectra of Benzene, sym= å 
ks - Benzene-ds, and Benzene-d,. 1956..... re fra Re EE RG Enden KS ; 
2. NorLunD, N.E.: Sur les fonctions hypergéométriques d”'ordre supérieur. 1956. 
—… 3. Froman, PER OLor: Alpha Decay of Deformed Nuclei. 1957......…. FE ERE 
"4, BRODERSEN, SVEND: Å Simplified Procedure for Calculating the Complete Har 
8 monic Potential Function of a Molecule from the Vibrational Frequencies. 195 
b. BRODERSEN, SVEND, and LANGSETH, Å.: Å Complete Rule for the Sabre tone 
i — Frequencies of Certain Isotopic Molecules, 1958.............. AES I Eden SE 
i 6. KALLÉN, G., and WIGHTMAN, Å.: The Analytic Properties of the Vacuum Ex 
pectation Value of a Product of three Scalar Local Fields. 1958...:..... EK 
7. BRODERSEN, SVEND, and LANGSETH, A.: The Fundamental Frequencies of all ih 
” Deuterated Benzenes. Application of the Complete Isotopic Rule to New Experi 
ental Data bo 5 SD SE EEG DEN SEER MER, BES RE ERE NR SER SED 


Nuclei SØE Ellipsoidal Belkin Shape. 1959. FEER SDS SEEST SS = 
9. KALLEN, G., and WiLHELMSSON, H.: Generalized Singular Functions. 1959. Årg, 


On direct application to the agent of the Academy, Ejnar MUNKSGAARD, Publishers, 
6 Nårregade, Kobenhavn K., a subscription may be taken out for the series Matematisk- 
fysiske Skrifter. This subscription automatically includes the Mafematisk-fysiske Meddelelser 
in 8vo as wel!, since the Meddelelser and the Skrifter differ only in size, not in subject 
matter. Papers with large formulae, tables, plates etc., will as a rule be published in the 
" Skrifter, in Ato. 

For subscribers or others who wish to receive only those publications which deal 
with a single group of subjects, a special arrangement may be made with the agent of the 
Academy to obtain the published papers included under one or more of the following heads: 
Mathematics, Physics, Chemistry, Astronomy, Geology. 

In order to simplify library cataloguing and reference work, these publications will 
appear without any special designation as to subject. On the cover of each, however, there 
will appear a list of the most.recent paper dealing with the same subject. 

The last published numbers of Matematisk-fysiske Skrifter within the group of Physics 
are the following: É 

Vol. I, nos. 3, 6, 8-11. 


Printed in Denmark 
Bianco Lunos Bogtrykkeri A/S 


